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Eigenmodes of 3-dimensional spherical spaces and their application to cosmology 26

Introducing the function Ig¢(£) = Rge(£) sin/?(¢) allows to solve the radial equation
in terms of associated Legendre functions P¥(cos£).
For K = +1 (ie. 32 = qz + 1)E| the radial eigenfunctions are given by

Ra(x) x — ij;f; (cos x) (A.8)

with 3 = max(3,£ + 1) being an mtegerﬂ.
For K = —1 (i.e. 32 = g% — 1) the radial eigenfunctions are given by
1 —1/2—¢
Rgelx) mp_lﬂ_l_éﬁ(coshx) (A.9)
and [ can now take on any positive real value since there are no periodic boundary
conditions to satisfy.
‘We use the normalisation condition

r2drdf)

f VstmYartrms S = 88 ) Sut S (A.10)

50 that the properly normalized functions take the following form

Nae \M? 12
( - 2 P /z+eﬁ(c‘35hx K=-—

sinhy
Rae(x) =4 (2/m) f:j,,(_ax) K=0 (A.11)
Mge \'"® _1ja—e _
(m) P—1/2+3(°°SU K=+

with the two coefficients

£ ¢
Nae= [[(BF+n*) Mg =[] (5 - n?). (A.12)
=0 =i
The radial eigenfunctions () differ from those determined by Abbott and
Schaeffer [B] by an overall factor (23%/7)~? due to the fact that they used the
normalisation
ridrdf?
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To finish, in the case of spherical space, the harmonic functions can be expressed in
terms of the 4-dimensional coordinates () as

™ 1
= 5708 = B) B St (A.13)

1/2 1/2
¥ . |: (2 4+ 1)(€ — m)! ] Mgy
hem () = | =g Ji-22
—1/2—¢ Tz xr1 +iTa
Py glo) Py ( Wi 330) NeTrs (A.14)

Those expressions are of little value for numerical computation. There are two
routes to compute numerically the eigenmodes. First, and as explained in Abbott
and Schaeffer [, one can use a recursive relation between Rgy, Rge_1 and Fge_o.
Another efficient method [53] makes use of a WKB approximation. These two methods
are complementary.

+ We recall that 32 = ¢* + K.
* It is well known that homogeneous harmonic polynomials of degree k on R* restricted to S° are

eigenmodes of the Laplacian with eigenvalues k(k + 2). It follows that § = & — 1 is necessarily an
integer.

2. CQuarter turn space

The quarter turn space is similar to the half turn space, but with with a quarter turn corkscrew motion

s 0-10 T 0
y | 1 00 y |+ 0 . (35)
. 0 01 . L./4

In particular this implies that L, = L, The Invariance Lemma shows that when (k. k,) # (0,0) the four-
dimensional subspace {T,‘= ey T"a —heker T—ke, —— T_ by e k.t 18 preserved as a set, Wh.l].B the mode
Ty ke T ™ Thy ko k. + ( 17Tk —ky ke + (—1)™ T, kg, 5 fixed exactly In the exceptional case that
[ .fc,,) = (0.0}, tha one-dimensional subspace {To e} &8 preserved as a set, while Tooy, i8 fixed if and only if
ny 15 a multiple of 4. In summary, an orthonormal basis for the space of eigemmodes of the quarter turn space,

[Ea] . .
Tk,.bb,—k,' i5 the union of

. Ang An,
E[TZH[E:.E?.%:']-'_E Tz;n;-}‘;:.—-’f:.ﬁ]"'* TQ:[—E-.—E%.E:-]_'—E szj—-}‘;:.ﬁ.ﬁj]

for neeZt n,eZtU{0}n. 2,

Tanfaopey for ms €4Z (36)
As in the case of the half turn space, one can easily check that
35 W NS Vi 45 (37)

g0 that the analog of Eq. {Z5) is given by
1. whem k. # 0, &y 1= a complex random variable satisfying

B ybe = (1™ ke ey ho (38)

2. whem k, = 0, &y i= a real random variable.

8. Third turn space

The third turn space is a three-fold quotient of a hexagonal 3-torus, not a rectangular one. To the generators ({)
of the hexagonal 3-torus we add a one-third turn corkserew motion

]

T -z -0 x 0
y|l =% —tollwl|+] o | (39)
: o 01/)\z L./3

The cigenmodes Ty, of the hexagonal 3-torus are already known from Equ. {21 (and 1].1u.strated in Figure B). Applying
the Invariance Lemma to them with the additional generator (30 vields the eigenbasis, T*: ey e

[T]( + A T + ¢ 3"=Tkm] for meZt, ngeZtu {0}, na € Z,

Tza._o,o,;_: for  ng €32, (40)
where ¢ = ¢*™/? is a cube root of unity and it is easily checked that
K = 21( -, 2“:,;;2.. :")
kM = 2r (% 2“3,;;‘. :"J
kM? = o7 (ﬂz ; ﬂir %, zi) (41)
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Image of a spherical black hole with thin accretion disk
(J.-P. Luminet, 1979)

Gérard de Nerval, Chimeres (1854)



Le Trou noir Galactique

memmp Masse =4 000 000 masses solaires
Diametre = 25 000 000 Km



Voir Sagittarius A* ?

Event Horizon Telescope !




Premiere image télescopique
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Reconstruction
d'image VLBI ‘
de Sag A*
(2016)

Image calculée

sous angle de
vue 30°
(JPL 1979)




JPL/
JA Marck
1989

Y
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Cosmosalques
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La brisure de symétrie en cosmologie

engendre les forces fondamentales et les particules
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Brisure de symétrie du vide quantique : un multivers ?
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L’ HOMME CHERCHE A SE FACONNER, DE FACON PLUS OU MOINS
APPROPRIEE, UNE IMAGE INTERIEURE DU MONDE, IMAGE SIMPLIFIEE ET
BIEN ORDONNEE ; ET IL TENTE DE MAITRISER LE MONDE DE
L’ EXPERIENCE EN LUI SUBSTITUANT JUSQU A UN CERTAIN POINT CETTE
IMAGE. C’ EST CE QUE FONT LE PEINTRE, LE POETE, LE PHILOSOPHE
SPECULATIF ET LE CHERCHEUR SCIENTIFIQUE, CHACUN A SA FACON..

ALBERT EINSTEIN, 1931



